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SUMMARY
In our paper published earlier we discussed forecasts of earthquake focal mechanism and
ways to test the forecast efficiency. Several verification methods were proposed, but they
were based on ad-hoc, empirical assumptions, thus their performance is questionable. In
this work we apply a conventional, likelihood method to measure a skill of forecast. The
advantage of such an approach is that earthquake rate prediction can in principle be ade-
quately combined with focal mechanism forecast, if both are based on the likelihood scores,
resulting in a general forecast optimization. To calculate the likelihood score we need to
compare actual forecasts or occurrences of predicted events with the null hypothesis that
the mechanism’s 3-D orientation is random. For double-couple source orientation the ran-
dom probability distribution function is not uniform, which complicates the calculation of
the likelihood value. To better understand the resulting complexities we calculate the in-
formation (likelihood) score for two rotational distributions (Cauchy and von Mises-Fisher),
which are used to approximate earthquake source orientation pattern. We then calculate the
likelihood score for earthquake source forecasts and for their validation by future seismicity
data. Several issues need to be explored when analyzing observational results: their depen-
dence on forecast and data resolution, internal dependence of scores on forecasted angle, and
random variability of likelihood scores. In this work we propose a preliminary solution to
these complex problems, as these issues need to be explored by a more extensive statistical
analysis.
Key words:
Probabilistic forecasting; Earthquake interaction, forecasting, and prediction; Seismicity
and tectonics; Theoretical seismology; Statistical seismology; Dynamics: seismotectonics.
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1 Introduction
Kagan & Jackson (2014) discussed two problems: forecasting earthquake focal mechanisms
and evaluating a forecast skill. The first problem was initially addressed by Kagan & Jackson
(1994), but no attempt verifying the forecast has been carried out until now. Kagan &
Jackson (2014) proposed several verification methods, but the techniques were based on ad-
hoc, empirical assumptions, thus their performance is not clear. In this work we apply a
conventional, likelihood method to measure the skill of a forecast.
The likelihood estimate for the focal mechanism prediction compares actual forecasts or
later occurrences of predicted events with the null hypothesis that the mechanism’s orienta-
tion is random. It is similar to our forecast testing for long- or short-term earthquake rate
predictions (Kagan & Jackson, 1994, 2011), where we use a uniform Poisson process in space
or time as the null hypothesis. With the earthquake source orientation distribution, the sit-
uation is more complex, the probability distribution function (PDF) is not uniform, though
its analytical expression is known: see Kagan (1990, eq. 3.1) or Table 3 for orthorhombic
symmetry by Grimmer (1979).
Kagan & Jackson (1994, 2011) approximate earthquake rate forecast by smoothing the
past seismicity record with a spatial kernel. They optimize the kernel by searching for the
best prediction of future seismicity level (see also Molchan, 2012). The assumption is that
the true model belongs to a general class of parametric models which is used to approximate
seismicity. Right now we adjust only a width of the smoothing kernel and its functional
form. In principle though several other kernel parameters (such as its directivity, magnitude
dependence, etc.) can be optimized (see, for instance, Kagan & Jackson, 2011).
To measure the forecast skill several likelihood scores are calculated (Kagan, 2009, Ta-
ble 3), most of these scores (I0, I1, I2, and I3) have similar values, their difference is due to
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forecast map resolution and other known and controlled factors. This feature is explained
by our smoothing forecast procedure which yields a relatively smooth seismicity map.
A major problem with the focal mechanism forecast is that we lack a model for earthquake
source pattern similar to that for earthquake rate. Thus our forecast distribution contains
many relatively sharp steps, and if integrated they produce the I4 score (Kagan, 2009,
Table 3), which yields a consistent estimate that converges to the true value only when
the sample size tends to infinity (Kagan, 2007; Molchan, 2010). Therefore in this work we
are trying to find the properties of I4 score for the earthquake catalogs under investigation.
Nevertheless, we hope that this new measure of focal mechanism forecast skill would be
useful in earthquake prediction efforts.
2 Statistical focal mechanism forecasts
Kagan & Jackson (2014) analyzed the focal mechanism orientation distribution in the Global
Centroid-Moment-Tensor (GCMT) catalog (Ekstro¨m et al. 2012, and its references, see Fig. 1
in Kagan & Jackson, 2014). Kagan & Jackson (2014) considered Φ1 angle which is the average
rotation angle between the forecasted weighted focal mechanisms and the mechanisms of the
1977-2007 earthquakes in a 1000 km circle surrounding this predicted event. The Φ2 angle
is the angle between the forecasted mechanism and the double-couple (DC) mechanism of
the observed events in the 2008-2012 period.
In this work we limited our study to the forecast in the latitude bandwidth [75◦S −
75◦N ], because calculations in this range take considerably less time. Moreover, almost all
earthquakes in the GCMT catalog are concentrated there (Kagan & Jackson, 2014, Fig. 2).
In Fig. 1 we display a scatterplot of two angles Φ1 and Φ2. To investigate the interde-
pendence of two angles, we subdivide the plot of 1069 Φ1 angles into ten subsets with an
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increasing angle and calculate the quantiles of Φ2 distribution in each of these subsets.
The focal mechanism forecast is displayed in Fig. 4 of Kagan & Jackson (2014). About
42% of the cells in the forecast have variables Φ1 and Φ2 equal to zero. These cell centers do
not have any earthquake centroid within 1000 km distance. To avoid future ‘surprises’, in
our earthquake rate forecasts we assume that 1% of all earthquakes occur uniformly over the
Globe (Jackson & Kagan 1999; Kagan & Jackson 2011). We did not make such or similar
an assumption for the focal mechanism forecast, since it is not known what default value
needs to be adopted for these cells (Kagan & Jackson, 2014).
However, almost all 2008-2012 earthquakes occurred in the places within 1000 km of
1977-2007 epicentroids, thus their angles could be evaluated. Only 3 events out of 1069 are
outside of the 1000 km limit. In Fig. 1 these zero values of Φ1 and Φ2 are all plotted at
the point [0.0, 0.0] and thus are not separately visible. In our likelihood studies below we
sometimes use only 1066 events for which the angles can be measured.
In Table 1 we list the properties of both angles distribution shown in Fig. 1. The average
Φ2 value increases steadily with the increase of Φ1, though the standard deviation is generally
stable, thus the coefficient of variation also decreases for later subsets. In Fig. 7 by Kagan
& Jackson (2014) this interdependence of two angles was characterized by regression lines.
3 Rotation angle distributions
Kagan (2013, Section 5) considers three statistical distributions for the double-couple (DC)
source orientation:
• 1. The uniform random rotation, which corresponds to orthorhombic symmetry for a
general DC source. This distribution is defined for the orientation angle range 0◦ − 120◦.
5
The probability density function (PDF) is
f(Φ) = (4/pi)(1− cosΦ) for 0 ≤ Φ ≤ 90◦ ; (1)
f(Φ) = (4/pi)(3 sinΦ + 2 cosΦ− 2) for 90◦ ≤ Φ ≤ ΦS ; (2)
and
f(Φ) = (4/pi)
{
3 sinΦ + 2 cosΦ− 2 −
(6/pi)
[
2 sinΦ arccos
(
1+cosΦ
−2 cosΦ
)1/2
−
(1− cos Φ) arccos 1+cos Φ
−2 cos Φ
]}
for ΦS ≤ Φ ≤ 120.0
◦ , (3)
where
ΦS = 2 arccos (3
−1/2) = arccos
(
−
1
3
)
≈ 109.47◦ . (4)
• 2. Two non-uniform statistical distributions: the rotational Cauchy law (Kagan 1992) and
the rotational von Mises-Fisher (VMF) law (Kagan 2000; Mardia & Jupp 2000, pp. 289-292;
Morawiec 2004, pp. 88-89).
The Cauchy law in the 3-D Euclidean space is scale-invariant for relatively small angles
and it has a power-law tail for large angles. The rotational Cauchy is defined on the 3-D
hypersphere of a normalized quaternion (Kagan 1982; 1990). The PDF of the rotational
Cauchy distribution can be written as
f(Φ) =
2
pi
[
κA2(1 + A2)
(κ2 + A2)2
]
=
4 κ [1− cos(Φ)]
pi [1 + κ2 + (κ2 − 1) cos(Φ)]2
, for 0◦ ≤ Φ ≤ 180◦ , (5)
where A = tan(Φ/2).
Similarly to the rotational Cauchy law the von Mises-Fisher distribution is a Gaussian-
shaped function defined on the 3-D hypersphere of a normalized quaternion. It is concen-
trated near the zero angle Φ). This distribution can be implemented to model random errors
in determining focal mechanisms.
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Fig. 2 displays the DC random rotation distribution (Eqs. 1–4), as well as several Cauchy
distributions. The Cauchy distribution (5) has only one parameter (κ), a smaller κ-value
corresponds to the rotation angle Φmin concentrated closer to zero. These theoretical laws can
be compared to the cumulative Φ1 and Φ2 angle distributions. The Cauchy law approximates
the Φ1 curve reasonably well for κ = 0.075 up to about 20
◦. Even for larger angles the
observation curve is close to the Cauchy law lines. A similar effect is observed for the Φ2
curve.
The VMF distribution is obtained by generating a 3-D normally distributed random
variable u (u1, u2, u3) with the standard deviation σu (σu1 , σu2 , σu3) and then calculating
the unit quaternion
q0 = 1/
√
1 + u21 + u
2
2 + u
2
3 ,
qi = ui/
√
1 + u21 + u
2
2 + u
2
3 , for i = 1, 2, 3. (6)
The 3-D rotation angle is calculated
Φ = 2 arccos(q0) . (7)
Since components of the vector u are normally distributed, the sum (u21 + u
2
2 + u
2
3) in Eq. 6
follows the Maxwell distribution. The Maxwell equation describes the distribution of a vector
length in three dimensions, if the vector components have a Gaussian distribution with a
zero mean and a standard error σu. For small σu the distribution of angle Φ follows the
Maxwell law (Kagan, 2013).
These Cauchy and VMF laws are theoretically defined for orientation angle range
0◦−180◦. However, because of the orthorombic symmetry of the general DC source (Kagan,
2013) its maximum disorientation cannot exceed 120◦. Since we cannot obtain an analyt-
ical representation for these distributions, we use simulation (Kagan, 1992) to derive the
distribution form for the range 0◦ − 120◦.
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In Fig. 3 the focal mechanism angles are compared to the VMF distribution. As expected
(see Kagan, 2013) the fit of the VMF law to observation curve is not as good as for the Cauchy
distribution, which provides a much better approximation (Fig. 2).
4 Error diagrams
Table 2 shows the values of the information scores, I, (Kagan, 2009) for two theoretical
distributions. As can be seen from Figs. 2 and 3 the curves that are close to the random
rotation line have the score value closer to zero.
There are considerable problems in computing the information score for the rotation
angles Φ1 and Φ2 in the GCMT catalog. As Kagan (2009) discusses, we have a reasonable
model for the earthquake rate forecast: future earthquakes are concentrated close to the
location of the past events, thus our general forecast model is obtained by smoothing the
past earthquake locations to infer the spatial distribution for future events. We evaluate the
smoothing kernel parameters using some optimal criteria (Kagan & Jackson, 2011). The
error or concentration diagrams for the forecast maps are relatively smooth so that various
methods for evaluating the scores (I0, I1, I2, and I3) yield similar results Kagan (2009,
Table 3).
However, no such general model is yet available for the distributions of angles Φ1 and
Φ2. Since the number of observations is relatively small, the concentration diagrams or
cumulative distributions for these angles contains step-like jumps. Thus, we can calculate
the score which Kagan (2009) called I4, the estimate of which is biased for small samples
(Kagan, 2007).
I4 =
1
n
n∑
i=1
νi log2

νi/
ki∑
ki−1
τi

 , (8)
where τ is the cumulative fraction of the alarm time, ν is the cumulative fraction of failures
8
to predict, and ki is the cell number corresponding to the i-th event, log2 is used to obtain
the score measured in the Shannon bits of information (Kagan, 2009).
In Table 3 several estimates of the I4 score are shown for both angles and for two choices
of smoothing kernel width (rs). We subdivide the angle range (0
◦ − 120◦) into various grid
cells to see how it influences the I4-value. The number of cells with non-zero number of
events is relatively small for large cell size, but for a finer subdivision it approaches the total
number of angle measurements (1066). The score value also approaches an upper limit for
a finer subdivision. The results do not appear to depend on the rs-value.
The final I4-values can be reasonably well forecasted by comparing their approximation
by the Cauchy distribution in Fig. 2 with the appropriate score values in Table 2. For
example, the major part of the Φ1 curve is between Cauchy curves κ = 0.05 and κ = 0.075,
and the score value is also between the respective values in Table 2.
Table 4 shows the values of the information scores for the 2008-2012 GCMT catalog in
a format similar to Table 3 by Kagan (2009). We vary several parameters to investigate
the dependence of scores. For example, the scores change with the grid modification, partly
because almost all the events are located in separate cells for a higher-resolution forecast.
However, since the score I2 is calculated for the actual earthquake location in the test period,
their value does not depend on the cell size, as expected.
The influence of the smoothing kernel width (rs) on the score looks insignificant. More
study is necessary to optimize our forecast by changing (rs); unfortunately the needed com-
putations are very extensive.
Fig. 4 displays cumulative Φ2 distributions for 10 subsets shown in Fig. 1 and Table 1.
The distributions move from left to right; the distribution for the first subset is close to the
Cauchy κ = 0.025 law curve, whereas the last distribution is close to the random curve. The
score values shown in the last column of Table 1 confirm this pattern: for the initial subsets
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I4-value is close to that κ = 0.25 Cauchy distribution (see Table 2), whereas for the 10-th
subset I4-value approaches zero.
5 Discussion
The advantage of the likelihood approach for focal mechanism orientation is that the like-
lihood scores for earthquake rate prediction can be adequately combined with the focal
mechanism forecast, resulting in a general earthquake forecast optimization.
As we observed (Kagan, 2009) the I4 score estimates are biased and have a higher random
variation compared to the other information scores. In order to understand the properties of
the I4 score we study a correlation between I4 and other scores. To investigate the relation
between the two scores, I1 and I4, in Fig. 5 we calculated these scores for 10 simulated
catalogs shown in Fig. 10 (Kagan, 2009). The range of I1 values (0.8) can be compared with
the standard deviation for I0 (σn = 0.215), shown in Table 3 by Kagan (2009). The scores
I0 and I1 are optimized to have close values. As the diagram demonstrates, I4 is usually
larger than I1, but their correlation coefficient is high, thus one can estimate the I1 score
using regression.
As mentioned in the Introduction, a significant effort needs to be extended to incorporate
the methods developed in this and the previous (Kagan & Jackson, 2014) publications to
forecast earthquake focal mechanisms. A similar investigation needs to be carried out to
fully optimize the global earthquake rate forecast (Kagan & Jackson, 2011). However, these
efforts will be mostly of technical nature, the major forecast scientific issues are addressed
in this and above-mentioned papers.
10
6 Conclusions
• 1. We apply a likelihood method to measure the skill of an earthquake focal mechanism
forecast. The advantage of such an approach is that the likelihood scores for the earthquake
rate prediction can quantitatively be combined with the focal mechanism forecast, resulting
in a general forecast optimization.
• 2. We compare actual forecasts or occurrences of event source properties with the null
hypothesis that the mechanism’s 3-D orientation is random.
• 3. We calculate the information (likelihood) score for two rotational distributions (Cauchy
and von Mises-Fisher) which are used to approximate a source orientation pattern.
• 4. We calculate the likelihood score for earthquake source forecasts based on the GCMT
catalog and their validation by future seismicity data. We explored the dependence of the
results on data resolution, internal dependence of scores on forecasted angle, and a random
variability of likelihood scores.
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No. Φ1 < Φ2 > σΦ Cv n I4
◦ ◦ ◦ Coef. Score
1 2 3 4 5 6 7
1 0.2 18.0 23.3 1.29 106 6.56
2 6.4 17.3 21.6 1.25 106 6.47
3 9.5 20.8 25.6 1.23 107 5.93
4 12.1 20.7 24.6 1.19 106 5.85
5 15.1 30.6 30.9 1.01 107 4.32
6 18.8 34.5 29.7 0.86 107 3.35
7 23.5 31.7 24.0 0.76 106 3.42
8 29.4 40.4 28.3 0.70 107 2.36
9 36.4 50.4 28.9 0.57 106 1.45
10 47.2 58.4 24.4 0.42 108 0.77
Table 1: Values of observed rotation angle Φ2 for 10 subsets of scatterplot of two angles Φ1
and Φ2 (see Fig. 1). The beginning value of the Φ1 interval is shown in column 2. < Φ2 > is
the average angle, σΦ is the standard deviation, Cv is the coefficient of variation (Cv =
σΦ
<Φ>
)
for angle Φ2, n the number of events in a subset, and I4 is the information score in bits.
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# Parameter Score Parameter Score
Cauchy (κ) VMF (σu)
1 0.025 7.48 0.050 8.15
2 0.050 4.86 0.100 5.21
3 0.075 3.49 0.200 2.44
4 0.100 2.60 0.300 1.03
5 0.200 0.95 0.400 0.30
6 0.500 0.05 0.500 0.03
Table 2: Information scores in bits for theoretical distributions (see Section 3). κ is the
parameter of the rotational Cauchy distribution (see Fig. 2), σu ditto for the von Mises-Fisher
(VMF) rotational distribution (see Fig. 3).
# Subdivision ξ Φ1 ξ Φ2 ξ Φ1 ξ Φ2
rs = 2.5 km rs = 6.0 km
1 120 70 4.18 108 3.49 69 4.04 108 3.48
2 1200 448 4.41 538 3.74 452 4.28 531 3.70
3 12000 955 4.74 975 4.03 957 4.59 952 4.03
4 120000 1058 4.94 1053 4.18 1049 4.76 1057 4.23
5 1200000 1064 4.97 1065 4.24 1050 4.77 1057 4.23
Table 3: Information scores in bits for Φ1 and Φ2 angles (see Section 1) in the GCMT
catalog, rs is the width of the smoothing kernel, ξ is the total number of non-zero intervals
(out of 1066 possible).
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# 2008-2012, [75◦S − 75◦N ]
Grid 0.1◦ 0.5◦ 0.5◦
rs 2.5 km 2.5 km 6.0 km
ξ 1025 758 758
Score
1 I0 4.30 4.25 3.73
2 I1 4.01 3.84 3.96
3 I2 3.98 3.98 4.07
4 I3 4.29 4.25 3.73
5 I4 4.99 4.85 4.86
Table 4: Information scores in bits for one event, rs is the width of the smoothing kernel, ξ
is the total number of non-zero intervals (out of 1069 possible).
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Figure 1: Distribution of rotation angles
in the Global Centroid Moment Tensor (GCMT) catalog, 1977–2007/2008–2012, latitude
range [75◦S − 75◦N ], earthquake number n = 1069. Scatterplot of interdependence of the
predicted Φ1 and observed Φ2 angles. Blue lines from top to bottom are 75%, 50%, and 25%
quantiles, for a Φ1 angle subdivision with equal number of events in 10 subsets.
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Φ1: <Φ> = 23.7,  σΦ = 15.5,  Cv = 0.654,  n = 1069
Φ2: <Φ> = 32.59,  σΦ = 29.6,  Cv = 0.907,  n = 1069
Figure 2: GCMT catalog, 1977–2007, rs = 6 km, latitude range [75
◦S − 75◦N ],
earthquake number n = 1069. Blue and cyan curves are cumulative distributions of predicted
rotation angle Φ1 and of observed rotation angle Φ2 at earthquake centroids, respectively.
The dashed lines from left to right are for the Cauchy rotational distribution with κ =
0.025, 0.050, 0.075, 0.1, 0.2, 0.5. Right green solid line is for the random rotation. Distribution
analysis results for angles Φ1 and Φ2 are written at the bottom of the plot: < Φ > is average
rotation angle, σΦ its standard deviation, Cv =
σΦ
<Φ>
its coefficient of variation.
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Figure 3: GCMT catalog, rs = 6 km, latitude range [75
◦S − 75◦N ],
1977–2007/2008–2012, earthquake number n = 1069. Blue curve is the cumulative
distribution of predicted rotation angle Φ1 at earthquake centroids. The dashed lines
from left to right are for the von Mises-Fisher (VMF) rotational distribution with σu =
0.05, 0.1, 0.2, 0.3, 0.4, 0.5. Right green solid line is for the random rotation. Red solid curve
is for the rotational Cauchy distribution with the domain [ 0◦ – 180◦].
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Figure 4: GCMT catalog, 2008–2012, rs = 2.5 km, latitude range [75
◦S − 75◦N ],
earthquake number n = 1066. Curves are cumulative distributions of the observed rotation
angle Φ2 at earthquake centroids, for 10 subsets (see Fig. 1 and Table 1). Right green solid
line is for the random rotation, left green solid curve is for the rotational Cauchy distribution
with κ = 0.025.
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I 4
ρ = 0.9,  I4 = 1.16 + 0.808 I1
σ = 0.0972,  ε
max
 = 0.194,  n = 10
I4 = 3.92 + −1.69 I1 + 0.559 I1
2
σ = 0.0913, ε
max
 = 0.205
Figure 5: GCMT catalog, 2004–2006, NW Pacific, rs = 15 km,
earthquake number n = 108. Relation between two scores I1 and I4 in bits, shown by circles,
for first 10 simulated catalogs, displayed in Fig. 10 by Kagan (2009). We calculate two
regression lines approximating the interdependence of the I1 and I4 scores, the linear and
quadratic curves. The coefficient of correlation ρ between the angles is high 0.9, indicating
that the I4 estimate can be well evaluated by I1 regression. Results of both regressions are
written at the top of the plot: σ – standard error, εmax – maximum difference. A cross sign
inside a square shows I1 and I4 estimates for the NW Pacific region from Table 3 by Kagan
(2009).
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